Microscopic Study of the Halperin - Laughlin Interface through Matrix
  Product States by Crépel, V. et al.
Microscopic Study of the Halperin - Laughlin Interface through Matrix Product States
V. Cre´pel1, N. Claussen1, N. Regnault1 and B. Estienne2
1Laboratoire de Physique de l’E´cole Normale supe´rieure,
ENS, Universite´ PSL, CNRS, Sorbonne Universite´,
Universite´ Paris Diderot, Sorbonne Paris Cite´, Paris, France and
2Sorbonne Universite´, CNRS, Laboratoire de Physique The´orique et Hautes E´nergies, LPTHE, F-75005 Paris, France
Interfaces between topologically distinct phases of matter reveal a remarkably rich phenomenology.
We study the experimentally relevant interface between a Laughlin phase at filling factor ν = 1/3 and
a Halperin 332 phase at filling factor ν = 2/5. Based on our recent construction of chiral topological
interfaces in [Nat. Commun. 10, 1860 (2019)], we study a family of model wavefunctions that
captures both the bulk and interface properties. These model wavefunctions are built within the
matrix product state framework. The validity of our approach is substantiated through extensive
comparisons with exact diagonalization studies. We probe previously unreachable features of the
low energy physics of the transition. We provide, amongst other things, the characterization of the
interface gapless mode and the identification of the spin and charge excitations in the many-body
spectrum. The methods and tools presented are applicable to a broad range of topological interfaces.
INTRODUCTION
Topological phases of matter, while being gapped in
the bulk, often display gapless edge modes. On the one
hand the edge modes are controlled by bulk topologi-
cal invariants, and on the other hand the critical edge
theory governs the full topological content of the bulk.
This phenomenon is known as the bulk-edge correspon-
dence (see for instance Refs. [1–3] for general discussions
about its validity). In the context of the fractional quan-
tum Hall (FQH) effect, the bulk-edge correspondence has
been pushed one step further with the pioneering work of
Moore and Read [4] who expressed a large class of FQH
model WFs as two-dimensional Conformal Field Theory
(CFT) correlators. Assuming generalized screening, one
can then establish that the associated low-energy edge-
modes are described by the same CFT [5], making the
correspondence between the bulk and edge properties ex-
plicit.
Among the challenges that emerged during the last
few years in the realm of topologically ordered phases,
understanding the interface between two distinct intrin-
sic topologically ordered phases stands out as one of the
most fascinating [6–14]. Predicting what happens at such
an interface is notoriously difficult [15–17], and even the
transitions between Abelian states have not yet been clas-
sified [18–20]. In this article we consider the prototypical
example of an interface between two FQH Abelian states.
The FQH effect is the first observed [21] quantum
phase of matter with intrinsic topological order. Many
features of this strongly-correlated, non-perturbative
problem were unraveled by the study of model wavefunc-
tions (WFs) [4, 22]. In particular, the experimentally ob-
served fractional e/3 charges [23, 24] were first described
as excitations of the seminal Laughlin WF at filling fac-
tor ν = 1/3 [25]. Model WFs have been an invaluable
tool in our understanding of the FQH effect. They pro-
vide a bridge between the microscopic models in terms of
strongly-correlated electrons and the low-energy effective
description in terms of topological quantum field theo-
ries. Indeed the Laughlin WF is the densest zero energy
ground state of a microscopic relevant Hamiltonian, while
at the same time it exhibits non-Abelian anyons and a
topology-dependent ground state degeneracy consistent
with that of a Chern-Simons theory [26, 27].
Theoretical approaches to understand interfaces be-
tween topological phases mostly rely on the cut and glue
approach [12], in which both phases are solely described
by their respective edge theories. The interface emerges
from the coupling between the two edges [28] and pre-
dictions can be made about the nature of the interface
theory [7, 10, 16]. While powerful, these effective field
theory approaches suffer from a complete lack of connec-
tion with a more physical, microscopic description. In
order to overcome this limitation we have recently pro-
posed a family of Matrix Product State (MPS) model
wavefunctions for the Laughlin-Halperin interface capa-
ble of describing the whole system including both bulks
and the interface [29]. We found that these MPSs faith-
fully describe the bulks intrinsic topological order while
presenting the expected universal low-energy physics at
the interface. However the validity of these model WFs
at the microscopic level still has to be established.
In the present article, we provide such a detailed mi-
croscopic analysis of these model WFs through extensive
comparison with Exact Diagonalization (ED). We focus
on the fermionic interface between the ν = 1/3 Laugh-
lin state and the ν = 2/5 Halperin (332) state. This
interface is relevant for condensed matter experiments,
and could be realized in graphene. There, the valley de-
generacy leads to a spin singlet state at filling fraction
ν = 2/5 [30, 31] while the system at ν = 1/3 is spon-
taneously valley-polarized [31–33]. Thus, changing the
density through a top gate provides a direct implemen-
tation of the Laughlin-Halperin interface.
The paper is organized as follows: we first introduce a
microscopic model reproducing the physics of the transi-
tion between a Laughlin phase at filling factor 1/3 and
a Halperin (332) phase at filling 2/5. We then detail
the MPS construction of both the Halperin (332) state,
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2derived in Ref. [34], and of the model state for such an in-
terface that we have introduced in Ref. [29]. From there
we explicitly show how to perform the identification of
the interface gapless theory and apply the procedure to
our system. We finally compare the ED results of the
microscopic Hamiltonian with the model state and show
how the construction of the ansatz may be used to iden-
tify the spin and charge excitations in the many-body
spectrum. The main results of this work appear in this
discussion, as it validates the model state not only on
the universal features it holds but more importantly at a
microscopic level.
RESULTS
Microscopic Model — The Halperin (m,m,m− 1) at
filling factor ν = 22m−1 is the natural spin singlet [35–37]
generalization of the celebrated, spin polarized, Laugh-
lin state [25, 38] at filling factor ν = 1/m. It describes
a FQH fluid with an internal two-level degree of free-
dom [39, 40] such as spin, valley degeneracy in graphene
or layer index in bilayer systems. For the sake of con-
ciseness, we will refer to the internal degree of freedom
as spin in the following. The most relevant case for con-
densed matter systems is m = 3, namely the fermionic
(3, 3, 2) Halperin state. Numerical evidence [30, 41] sug-
gests that the plateau at filling νH = 2/5 observed
in graphene [31] is in a valley-pseudospin unpolarized
Halperin (332) state. Interestingly, graphene brought at
filling νL = 1/3 spontaneously valley-polarizes [31–33]
and is described by a Laughlin state. Top-gating differ-
ent regions to change the density, it seems possible to
engineer a setup where the Halperin 332 and Laughlin
1/3 topological orders develop on either sides of a sam-
ple. These phases have distinct intrinsic topological or-
ders and hence cannot be adiabatically connected to one
another. Thus, the creation of such an interface requires
a gap closing and the emergence of a critical boundary
or of critical points. In this section, we exhibit a mi-
croscopic model describing such an interface between the
Halperin (332) and the polarized Laughlin 1/3 phases.
We first recall the expressions of the Laughlin 1/3 state
ΨLgh(z1, · · · , zNe) = e
− 1
4`2
B
∑
i |zi|2 ∏
1≤i<j≤Ne
(zi − zj)3 , (1)
and of the Halperin 332 state
ΨHlp(z1, · · · , zNe/2, w1, · · · , wNe/2, ) = e
− 1
4`2
B
∑
i |zi|2+|wi|2∏
i<j
(zi − zj)3 (wi − wj)3
∏
i,j
(zi − wj)2 , (2)
where the position of the i-th spin down (resp. up) electrons is denoted by zi (resp. wi) and `B the magnetic length
of the system. Here, it is implicit that the total many-body state is the proper antisymmetrization of the spatial part
Eq. (2) associated with the spin component (↓ · · · ↓↑ · · · ↑) with respect to both electronic spin and position. The
vanishing properties of these states ensure that they completely screen the interacting Hamiltonian [1, 42, 43]:
Hint =
∫
d2r
∑
σ,σ′∈{↑,↓}
− : ρσ(r)∇2ρσ′(r) : + : ρ↑(r)ρ↓(r) : +µ↑ρ↑(r) , (3)
respectively for µ↑ = 0 and µ↑ =∞. Here µ↑ is a chemical potential for the particles with a spin up, ρσ denotes the
density of particles with spin component σ, and : . : stands the for normal ordering. Hence, creating an interface
between these two topologically ordered phases can be achieved by making µ↑ spatially dependent without tuning the
interaction [6].
We make a few additional assumptions, allowing the nu-
merical study of such an interface. First, we send the
cyclotron energy to infinity, i.e. large enough so that
only the Lowest Landau Level (LLL) is populated. We
will always assume periodic boundary conditions along
the y-axis, thus mapping the system on a cylinder with
perimeter L. Let c†σ(r) be the creation operator of an
electron of spin σ at position r = (x, y). The LLL is
spanned by the one-body orbital WFs:
ψn(r) =
eikny√
L
√
pi
e
− (x−xn)2
2`2
B , (4)
where the momentum along the compact dimension kn =(
2pi
L
)
n, with n ∈ Z + 1/2, labels the orbitals and deter-
mines the center of the Gaussian envelope
xn = kn`
2
B (5)
3FIG. 1. Exact diagonalization results: a) Energy spectrum of Eq. (3) for NL = 3 and 2NH = 6 particles in Norb = 23
orbitals, NLghorb = 8 are polarized, on a cylinder of perimeter L = 12`B . Low energy features detach from the continuum, hinting
toward an interesting low energy physics coming from the interface. b) Spin resolved densities for the ground state of Eq. (3)
for NH = 4 spin up and NH +NL = 8 spin down particles in Norb = 30 orbitals, N
Lgh
orb = 10 of which are completely polarized.
It is the only state detaching from the continuum and arises for a center of mass momentum Ky = 40.5. For this system size,
the ED calculation captures both the interface and bulk physics as can be seen from the plateaus of densities at both edges of
the sample.
along the cylinder axis. The corresponding creation op-
erator is c†n,σ =
∫
d2rψn(r)c
†
σ(r). Once projected to the
LLL, the Hamiltonian of Eq. (3) with a spatially depen-
dent chemical potential µ↑(r) is made of an interaction
Hint term and a polarization termHpol. After projection,
the Halperin 332 state (resp. the Laughlin state) be-
comes the densest zero-energy state for a uniform chem-
ical potential µ↑ = 0 (resp. µ↑ = ∞) [26]. Indeed,
Hint reduces to the zero-th and first Haldane pseudo-
potentials [27, 44]. We now choose µ↑(r) such that the
quadratic part reads
Hpol = U
∑
k<0
c†k,↑ck,↑ , (6)
corresponding to a smooth ramp from zero to U in real
space over a typical distance 2pi/L. Moreover, we as-
sume that U  |Hint| while remaining smaller than the
cyclotron energy. This allows us to project our Hilbert
space onto a subspace where the occupation for all or-
bitals with n < 0 is zero for the spin up electrons. The
polarized Hilbert subspace is spanned by the occupation
basis:
|{n↓k}k, {n↑k}k>0〉 =
| · · ·n↓−3/2n↓−1/2(n↓1/2, n↑1/2)(n↓3/2, n↑3/2) · · · 〉 .
(7)
To summarize, our model is described by a purely in-
teracting Hamiltonian Hint, consisting of the two first
Haldane pseudo-potentials, projected to a polarized sub-
space of the many-body LLL Hilbert space in which no
spin up occupies the n < 0 orbitals. ED studies shows
that some low energy features emerges from the contin-
uum, as shown in Fig. 1a. The largest reachable sys-
tem size consists of 4 spin up and 8 spin down particles.
For a suitable choice of orbital number, edge excitations
acquire a large energy due to finite size effects and we
can isolate a single low energy state detached from the
continuum. The spin resolved densities of this vector
are depicted in Fig. 1b. They reach plateaus far from
the transition, corresponding to the expected results for
the Laughlin (ρ↑ = 0, ρ↓ = 1/3) and Halperin bulks
(ρ↑ = 1/5, ρ↓ = 1/5). It shows that our model Eq. (3)
indeed captures the physics of the interface at a micro-
scopic level. The density inhomogeneity persists at the
interface and is a probe of the interface reconstruction
due to interactions.
Tensor Network Description of the Bulks — From
the study of quantum entanglement in strongly corre-
lated systems, a new class of variational WFs, namely
the tensor networks states (TNS) has emerged in recent
years. TNS efficiently encode physically relevant many-
body states, relying on their rather low entanglement (for
a review, see Ref. [45]). For a large set of FQH model
states, a MPS – the prototype of TNS – have been de-
rived [46, 47]. Moreover, the computational toolbox of
tensor networks has been applied to large system size
simulations of FQH systems [34, 48–53].
We now first briefly recall the theoretical background
of the exact MPS description for the Laughlin 1/m and
the spin singlet Halperin (m,m,m−1) states [34, 46, 50].
The exact MPS description of an FQH state which can
be written as a CFT correlator consists of an electronic
part and a background part [46, 50]. The former can
be deduced from the mode expansion of the primaries
appearing in the CFT correlators. The main result
of Ref. [34] is a method to determine those primaries
and the exact MPS representation of two-components
Abelian states from a factorization of the K-matrix as
K = QQT [22, 54]. We choose Q to be upper diagonal
for reasons which will become clear later on:
K =
(
m m− 1
m− 1 m
)
, Q =
( 2m−1
R⊥
m−1
RL
0 mRL
)
(8)
4where we have defined R⊥ =
√
m(2m− 1) and RL =√
m. The underlying CFT is that of a two component
boson (ϕ⊥,ϕL) [55]. Their respective U(1)-charges are
integers n⊥, nL if measured in units of R⊥ and RL re-
spectively, and satisfy the constraint n⊥+(m−1)nLm ∈ Z.
Compared to Ref. [34], Eq. (8) is just a different choice
of orthonormal basis for the two-component boson, which
is related to the usual spin-charge formulation [56, 57] by:
ϕ⊥ =
√
1
2m
ϕc +
√
2m− 1
2m
ϕs (9a)
ϕL =
√
2m− 1
2m
ϕc −
√
1
2m
ϕs , (9b)
where ϕc and ϕs are the bosonic fields corresponding to
the charge and spin respectively. We define the spinful
electronic operators as
W↑(z) =: exp
(
i
√
2m− 1
m
ϕ⊥(z) + i
m− 1√
m
ϕL(z)
)
: χ
(10a)
W↓(z) =: exp (i√mϕL(z)) : (10b)
where χ = (−1)n⊥+(m−1)nLm acts as a Klein factor ensur-
ing correct commutation relations between the electronic
operators. The j-th Landau orbital on the cylinder is
characterized by its occupation numbers n↑ and n↓. The
electronic part A(n
↑,n↓)[j] of the Halperin MPS matrices
only depends on the mode expansion of the electronic
operators of Eq. (10):
A(n
↑,n↓)[j] =
1√
n↑!n↓!
(
W↑−j
)n↑ (
W↓−j
)n↓
(11)
It simply reduces to A(0,n
↓)[j] for the (spin down) polar-
ized Laughlin state. Our variational ansatz relies on the
following crucial point: the Laughlin CFT Hilbert space
made of a single boson ϕL is embedded into the Halperin
CFT Hilbert space. Hence both sets of MPS matrices
share the same auxiliary space which makes the gluing
procedure straightforward in the Landau orbital basis,
i.e. a simple matrix multiplication. The basis change
of Eq. (9) makes this embedding transparent since we
extract ϕL from the two component free boson. At the
transition between the Halperin and the spin down po-
larized Laughlin bulks, the cut and glue approach [12]
predicts with renormalization group arguments [28] that
the degrees of freedom related to ϕL gaps out when the
tunneling of spin down electrons across the transition is
relevant, which is often assumed. The one dimensional
effective field theory at the transition is then expected to
be the one of a single bosonic ϕ⊥ field.
To obtain an infinite MPS representation of the states,
we combine the electronic operators as V(z) = W↑(z)| ↑
〉+W↓(z)| ↓〉. The Operator Product Expansion (OPE)
of vertex operators [55] together with the K-matrix fac-
torization Eq. (8) ensures that the Ne-points correlator
〈Obkg
∏
i
V(zi)〉 (12)
reproduces the Halperin (m,m,m − 1) (resp.
Laughlin 1/m) WF with Ne particles through
a careful choice of the background charge
OHbkg(Ne) = exp
{
−iNe 2m−12
(
1
R⊥
ϕ⊥0 +
1
RL
ϕL0
)}
(
resp. OLbkg(Ne) = exp
{
−iNe mRLϕL0
})
. The choice of
the background charge reflects the facts that the Laugh-
lin 1/m state is an excitation of the denser Halperin
(m,m,m − 1) state. Indeed, it may be understood
as the introduction of a macroscopic number of ϕ⊥
quasiholes (or a giant quasihole [6]) to fully polarize the
Halperin Hall droplet into a Laughlin liquid. Spreading
these background charges equally between the orbitals
provides a site-independent MPS representation for the
Laughlin and Halperin states on the cylinder. Labeling
these site-independent MPS representation BL and BH,
we have:
B
(n↓)
L = A
(0,n↓)[0]UL UL = e
−( 2piL )
2
LL0−i
ϕL0
RL , (13a)
B
(n↑,n↓)
H = A
(n↑,n↓)[0]UH UH = e
−( 2piL )
2
L⊥0 −i
ϕ⊥0
R⊥ UL ,
(13b)
where L⊥0 (resp. L
L
0 ) is the Virasoro zero-th mode corre-
sponding to the standard free boson action for ϕ⊥ (resp.
ϕL). Because there is no spin up component in the elec-
tronic part of the Laughlin MPS matrices, we may add a
shift in the ϕ⊥ U(1)-charge to UL at each orbital. Doing
so allows to always fulfill the compactification constraint
n⊥+(m−1)nL
m ∈ Z. Since the Laughlin transfer matrix
should only be considered over m orbitals to preserve
the topological sectors [50], we simply impose the shift
over any m consecutive orbitals to be zero.
Model Wavefunction for the Interface — We introduce a MPS model WF to describe the low energy features of
the previously described microscopic model. It has non-vanishing coefficients only over the polarized Hilbert subspace
discussed previously. To construct the MPS ansatz, we use BH (resp. BL) matrices Eq. (13b) (resp. (13a)) for
unpolarized (resp. polarized) orbitals. Thus, the MPS ansatz expanded on the many-body states Eq. (7) reads
|ΨH−L〉 =
∑
{n↓k}k,{n↑k}k>0
〈η|· · ·Bn
↓
−3/2
L B
n↓−1/2
L B
(n↑
1/2
,n↓
1/2
)
H B
(n↑
1/2
,n↓
1/2
)
H · · ·|µ⊥〉|{n↓k}k, {n↑k}k>0〉 . (14)
5FIG. 2. Construction of an interface model wavefunction: a) Schematic representation of the MPS ansatz |ΨH−L〉 for
the Laughlin 1/3 - Halperin 332 interface on a cylinder of perimeter L. The Halperin iMPS matrices BH (red) are glued to
the Laughlin iMPS matrices BL ⊗ I (blue) in the Landau orbital space. Due to the embedding of one auxiliary space into the
other, the quantum numbers of |µ⊥〉 (see Eq. (14)) are left unchanged by the Laughlin matrices all the way to the interface. It
constitutes a direct access controlling the states of the interface chiral gapless mode, graphically sketched here with a double
arrow. b) Spin resolved densities of the MPS ansatz state along the cylinder axis obtained at Pmax = 11 for L = 25`B . They
smoothly interpolate between the Laughlin (2piρ↓ = 1/3 and ρ↑ = 0) and the Halperin (2piρ↓ = 2piρ↑ = 1/5) theoretical values.
The density is a robust quantities for which it is safe to consider large perimeter with our truncation level. c) The EE SA(L, x)
follows an area law (Eq. (15)) for the rotationally invariant bipartition A − B depicted on top of the graph. The constant
correction is numerically extracted by finite differences SA(L, x)− L∂LSA(L, x) and plotted for L = 13`B as a function of the
position along the cylinder axis x. It smoothly interpolates between its respective Laughlin and Halperin bulk values and we
see no universal signature of the critical mode at the interface. Away from the interface, i.e. x < −7`B on the Halperin side
and x > 3`B on the Laughlin side, the extracted γ(x) agree with the theoretical expectation within 3% accuracy. Thus, our
MPS model WF describes the interface between two distinct topological orders. Note that the extraction and convergence of
the subleading quantity γ(x) (see Eq. (15)) requires large truncation parameters. The spikes appearing on both sides of the
transitions are artifacts of the computations of the RSES (see Ref. [34] for details). They corresponds to the points where a
patch of three (resp. five) orbitals are added on the Laughlin (resp. Halperin) side of the finite size region which translate the
bipartition A−B to orbital space. They disappear with increasing Pmax, as shown by the points computed at Pmax = 14 (black
dots).
This ansatz is schematically depicted on Fig. 2a. Here
〈η| and |µ〉 are the two states in the auxiliary space fix-
ing the left and right boundary conditions. We fix the
gauge of the MPS by choosing a basis for the CFT aux-
iliary space, which agrees with the structure discussed
earlier and in which we have 〈η| = 〈ηL| ⊗ 〈η⊥| and
|µ〉 = |µL〉 ⊗ |µ⊥〉. It is worth mentioning some impor-
tant features of this ansatz. First, the use of Halperin and
Laughlin site-independent MPS matrices allows to con-
sider an infinite cylinder and enables the use of efficient
infinite-MPS (iMPS) algorithms [48, 49]. Fig. 2b shows
the spin-resolved densities of this variational ansatz on an
infinite cylinder of perimeter L = 25`B . As in Fig. 1b,
they smoothly interpolate between the polarized Laugh-
lin bulk at filling factor νL = 1/3 and the Halperin
unpolarized bulk at filling factor νH =
1
5 +
1
5 . We re-
cover the typical bulk densities and the spin SU(2) sym-
metry of the Halperin (332) state after a few magnetic
lengths. We can also observe that the finite size ef-
fects on the density quickly disappear with increasing
L. The correlation lengths for the bulks are respectively
ξH = 1.28`B for the Halperin 332 and ξL = 1.38`B for
the Laughlin 1/3 states [34]. The ripples disappear for
L/max(ξH , ξL) ≥ 15. Another source of finite size ef-
fects is the truncation of the infinite CFT Hilbert space
in our computations. In practice, we truncate the auxil-
iary space with respect to the conformal dimension. Our
truncation parameter, denoted as Pmax, is a logarithmic
measure of the bond dimension (see Refs. [50] and [34]
for a precise definition). The truncation of the auxiliary
space is constrained by the entanglement area law [58],
the bond dimension should grow exponentially with the
cylinder perimeter L to accurately describes the model
WFs (at least in the gapped bulks). Thus, as an em-
pirical rule, Pmax should grow linearly with the cylinder
perimeter. This is what prevents us from reaching the
thermodynamic limit L/`B → ∞. Using both charge
conservation and rotation symmetry along the cylinder
perimeter provides additional refinements to the iMPS
algorithm [46, 48, 49]. They can be implemented all
along the cylinder, and importantly across the interface,
by keeping track of the quantum numbers of the CFT
states.
Due to the block structure of the MPS matrices [34],
the boundary conditions 〈η| and |µ〉 naturally separates
the different charge and momentum sectors all along the
cylinder. In particular, they separate the different topo-
logical sectors and ensure that no local measurement can
discriminate them. For instance on the Halperin side, we
can create five distinct bulk WFs (since detK = 5 [54])
corresponding to the topological degeneracy of the state
on genus one surfaces. While for the Halperin state, the
U(1)-charge of both |µL〉 and |µ⊥〉 should be fixed to de-
termine the topological sector, only the one of 〈ηL| is re-
6quired to fix the topological sector of the Laughlin phase.
The remaining bosonic degree of freedom, 〈η⊥| at the
edge of the Laughlin bulk constitutes a knob to dial the
low-lying excitations of the one dimensional edge mode
at the interface. Note indeed that the Laughlin iMPS
matrices (13a) act as the identity on 〈µ⊥| and propagate
the state all the way to the interface.
In the following sections, we put our model wavefunc-
tions Eq. (14) to the test and we establish that they in-
deed capture the universal features of the interface. We
confirm that the expected intrinsic topological order is
recovered in the bulks away from the interface by ex-
tracting the relevant topological entanglement entropies.
We characterize the interface gapless mode as a chiral
Luttinger liquid. We first extract the interface central
charge c = 1 through the entanglement entropy. We
then extract the corresponding compactification radius
R⊥ =
√
15 by identifying the spin and charge of the
interface elementary excitations in the many-body spec-
trum. Moreover, we compare our model states with finite
size studies and characterize the low energy features of
the spectrum thanks to the boundary state 〈η⊥|.
Universal Features of the Trial State — Effective one-
dimensional theories similar to the ones of Refs. [6, 14]
predict that the gapless interface is described by the free
bosonic CFT ϕ⊥ of central charge c = 1 and compact-
ification radius R⊥ =
√
15. Remarkably, this is neither
an edge mode of the Halperin state nor of the Laughlin
state. It is a direct consequence of the edge reconstruc-
tion due to interactions which are kept constant across
the interface (see Eq. (3)). The full characterization of
the bulk universal properties and the interface critical
theory is the main result of Ref. [29]. We briefly discuss
such a characterization in the context of the fermionic
Laughlin 1/3 - Halperin (332) interface.
Local operators such as the density cannot probe the
topological content of the bulks. We thus rely on the en-
tanglement entropy (for a review, see Ref. [59]) to analyze
the topological features of our model WF. All the rele-
vant theoretical framework required for the computation
of Real-Space Entanglement Spectrum (RSES) [60–62]
has been summed up in the Methods. Consider a bipar-
tition A−B of the system defined by a cut perpendicular
to the cylinder axis at a position x. The RSES and the
corresponding Von Neumann EE SA(L, x) are computed
for various cylinder perimeters L. We find that SA(L, x)
obey an area law [58] for any position of the cut x:
SA(L, x) = α(x)L− γ(x) . (15)
Far away from the transitions, the constant cor-
rection to the area law converges to the Topo-
logical Entanglement Entropy (TEE) [63, 64] of
the Laughlin
(
γ(x→ +∞) = log√3) and Halperin(
γ(x→ −∞) = log√5) states. Near the interface, the
EE still follows Eq. (15) as was recently predicted for
such a rotationally invariant bipartition [16]. The cor-
rection γ(x) smoothly interpolates between its respective
Laughlin and Halperin bulk values (see Fig. 2c). Hence, it
contains no universal signature of the critical mode at the
interface between the two topologically ordered phases.
The same conclusion holds for the area law coefficient
α(x).
In order to obtain signature from the interface critical
theory, we need to break the translation symmetry along
the cylinder perimeter. We thus compute the RSES for
a bipartition for which the part A consists of a rectan-
gular patch of length ` along the compact dimension and
width w along the x-axis. To fully harness the power of
the iMPS approach, it is convenient to add a half infi-
nite cylinder to the rectangular patch (see Fig. 3a). The
contribution of the interface edge mode is isolated with
a Levin-Wen addition subtraction scheme [64] depicted
in Fig. 3a and more thoroughly discussed in Ref. [29].
Noticing that the critical contribution is counted twice,
the 1D prediction for a chiral CFT of central charge c
with periodic boundary conditions reads [65]
SA(`, w)− SA(L/2, w) = 2 c
6
log
[
sin
(
pi`
L
)]
. (16)
We vary the length ` along the compact dimension of
the cylinder while keeping w constant, we fit the numer-
ical derivative ∂`SA(`, w) with the theoretical prediction
using the central charge c as the only fitting parameter
(the derivative removes the area law contribution arising
from the cut along x). We minimize finite size effects by
keeping only the points for which ` and L − ` are both
greater than three times the Halperin bulk correlation
length [34] and consider the largest perimeter that reli-
ably converge L = 13`B . We extract a central charge
c = 1.1(1) in agreement with the universal expectation.
The inset of Fig. 3a shows the numerical data, the result
of the fit and the theoretical expectation Eq. (16) which
all nicely agree.
In order to fully characterize the gapless mode circu-
lating at the interface, we now extract the charges of its
elementary excitations which are related to the compact-
ification radius R⊥. As previously mentioned, excited
states of the critical theory are numerically controlled by
the U(1)-charge of 〈η⊥|. For each of these excited states,
we compute the spin resolved densities and observe that
the excess of charge and spin are localized around the
interface. They stem from the gapless interface mode ob-
served in Fig. 3a and we plot the charge and spin excess as
a function of n⊥ in Fig. 3b. Elementary excitations at the
transition carries fractional charge e/15 and a fractional
spin 1/3 in unit of the electron spin. More generally, the
transition between Laughlin 1/m state and an Halperin
(m,m,m − 1) state should host quasiparticles of charge
e/(m(2m−1)). This exactly fits the elementary spin and
charge content of ϕ⊥ (see Eq. (9)). The interface gap-
less mode is described by a chiral Luttinger liquid, i.e.
a compact bosonic conformal field theory whose elemen-
tary excitations agree with the value R =
√
15 of the
compactification radius.
Comparison with Exact Diagonalization in Finite Size
— To go beyond these universal properties and test the
7FIG. 3. Universal features of the interface ansatz: a) Levin-Wen subtraction scheme (top) to get rid of the spurious
area law coming from the patch boundaries along the cylinder perimeter together with corner contributions to the EE. The
position and width w of the rectangular extension are selected to fully include the gapless mode at the interface. (bottom)
SA(`, w = 3.25`B) for different cylinder perimeters computed at Pmax = 12. They all fall on top of the CFT prediction Eq. (16)
with c = 1 (black line), pointing toward a critical chiral edge mode at the interface. The agreement improves with increasing
L, as expected since universal effects are unraveled at L/`B →∞. The inset shows the derivative ∂`SA(`, w) and the fit with
the central charge as the only free parameter (dashed red). The grayed area corresponds to points for which ` or L − ` is
smaller than three times the Halperin 332 bulk correlation length [34], points in this areas are discarded to mitigate finite-size
effects. We find cFit = 1.1(1), in close agreement with the theoretical prediction (the fitting procedure at Pmax = 11 gives the
same result). b) Charge and spin excess are localized at the interface when excited states are addressed via the MPS boundary
U(1)-charge n⊥. Inset shows how to extract the charge excess (gray shaded area) from the charge densities ρc at different n⊥,
computed at Pmax = 11. Each excess follows a linear relation with respect to n⊥ with extremely good accuracy. The charge
(resp. spin) excess has a slope 0.0666(1) ' 1/15 (resp. 0.3332(2) ' 1/3). This indicates that the elementary excitations of the
c = 1 critical theory at the interface carry a fractional charge e/15 and a fractional spin 1/3 in unit of the electron spin.
TABLE I. Combining root partitions: Right and left
MPS boundary charges (nL, n⊥) to recover the glued Laughlin
1/3 and Halperin 332 root partitions. ∅, ↓ and ↑ respectively
denote an empty orbitals or an occupied orbital with a spin
down or up. Using the first line and the first columns, the
total root configuration should be understood as ...∅ ∅ ↓ ∅ ∅ ↓
∅ ∅ ↓ −∅ ∅ ↑ ∅ ↓ ∅ ∅ ↑ ∅ ↓... for the gluing of [∅ ∅ ↓] and
[∅ ∅ ↑ ∅ ↓]. Note that defining the root configuration by, e.g.,
[∅ ∅ ↑ ∅ ↓] instead of [∅ ∅ ↓ ∅ ↑] is arbitrary due to the SU(2)
singlet nature of the Halperin 332 state. We refer to Ref. [66]
for more details of the Halperin states root configurations.
(nL, n⊥) [∅ ∅ ↑ ∅ ↓] [∅ ↓ ∅ ∅ ↑] [∅ ↑ ∅ ↓ ∅] [↓ ∅ ∅ ↑ ∅] [↑ ∅ ↓ ∅ ∅]
[∅ ∅ ↓] (0, 0) (0, 3) (0, 6) (0, 9) (0, 12)
[∅ ↓ ∅] (1,−5) (1,−2) (1, 1) (1, 4) (1, 7)
[↓ ∅ ∅] (2,−10) (2,−7) (2,−4) (2,−1) (2, 2)
relevance of our model WF at a microscopic level, we
now compare it to finite size calculations. We first in-
vestigate in more details the model WF to get a better
microscopic understanding of the interface and the role of
the MPS boundary states’ quantum numbers. The elec-
tronic operators W↑ and W↓ generate the charge lattice
from a unit cell composed of 5 inequivalent sites [34].
Physically, they correspond to the ground state degen-
eracy of the Halperin (332) state on the torus (or the
infinite cylinder) which is known to be |detK| = 5 [54].
The choice of n⊥ modulo five determines the topologi-
cal sector of the Halperin bulk far from the transition.
An identical analysis involving the spin down electronic
operator W↓ only shows that the Laughlin topological
sector is selected by the value of nL modulo 3. Loosely
speaking, these degeneracies give 15 different ways of glu-
ing the two bulks together which lead to the observed
fractional charge in Fig. 3b and the compactification ra-
dius R⊥ =
√
15. This intuition is rigorous in the thin
torus limit L  `B [67, 68] where the bulk physics are
dominated by their respective root partitions [42, 69]. In
the CFT language, we may understand it as a renormal-
ization procedure. Because the Virasoro zero-th mode
L0 [55] only appears with a prefactor
(
2pi`B
L
)2
, all excita-
tions above the CFT ground state becomes highly ener-
getic and we can trace them out. This is exactly what the
truncation at Pmax = 0 does. From here, we may look
at the U(1)-charges (nL, n⊥) of the boundary state |µ〉
which produce a non-zero coefficient for a given Halperin
root partition (i.e. when Pmax = 0). We have performed
the study for both the Halperin and the Laughlin bulks,
and we summarize our results on the possible ways of glu-
ing together the root partitions of these states in Tab. I.
These insights on the role of boundary states may be used
to understand the low energy features of finite size cal-
culations. The choice of the U(1)-charges selects one of
the possible root configurations given in Tab. I. The root
configuration fixes the reference for the center of mass
angular momentum of the system Ky in finite size. Low
energy excitations on top of a given U(1)-charge choice
are obtained by dialing the ϕL and ϕ⊥ descendants.
8TABLE II. Comparison with ED ground states: Over-
lap between the MPS variational ansatz (at Pmax = 11) for
the (nL, n⊥) = (0, 0) and Pµ = Pη = 0 boundary condi-
tions and the corresponding ED ground state for different
system sizes characterized by the particle numbers (2NH, NL)
on a cylinder L = 12`B . The number of orbitals are fixed to
NLorb = 3NL − 2 and NHorb = 5NH. Due to the dimension of
the many-body Hilbert space considered (415 203 170 for the
largest systems), the overlaps are computed over a significant
fraction of the vectors weights (we keep all the coefficient with
a magnitude greater than 10−5). The norms of the truncated
ED |ψEDtrunc〉 and MPS |ψMPStrunc〉 vectors, which can be evaluated
rigorously, give an estimate for the possible error.
(2NH, NL) || |ψEDtrunc〉 || || |ψMPStrunc〉 || |〈ψEDtrunc|ψMPStrunc〉|
(6,3) 1.000 1.000 0.998
(6,4) 1.000 1.000 0.997
(8,4) 1.000 1.000 0.997
Using the root configuration to relate the MPS bound-
ary indices to the finite size parameters, we are now able
to provide convincing numerical evidence that our ansatz
should capture the low energy physics of the Hamilto-
nian Eq. (3). For this purpose, we have performed ex-
tensive Exact Diagonalization (ED) of the Hamiltonian
Eq. (3) for NL + NH spin down and NH spin up par-
ticles in NLorb + N
H
orb orbitals, N
L
orb of which are fully
polarized. We would like to show that the low energy
features detaching from the continuum in the spectrum
of Eq. (3), which is depicted in Fig. 4 for NL = NH = 3.
Let us first fix the level descendant of the MPS boundary
conditions Pµ = Pη = 0 and selects some U(1)-charges
appearing in Tab. I, to describe the states which persist
in the thin torus limit L  `B . We observe that, when
NLorb = 3NL−2 and NHorb = 5NH, the ED ground state is
the unique state detaching from the continuum (see green
symbols in Fig. 4). It has exactly the total momentum
expected from the glued root partition selected by the
(0, 0) boundary charges. Our MPS ansatz with these
boundary conditions shows extremely high overlap with
the corresponding ED ground states (see Tab. II). Fig. 1b
shows the spin-resolved densities of the ED ground state
of the largest reachable system sizes. Both the bulks and
interface physics are displayed in the ED study and its
very high overlap with our ansatz shows that this latest
correctly captures the interface physics at a microscopic
level.
When the number of polarized orbitals is increased,
several low energy branches separate from the contin-
uum (orange and blue markers in Fig. 4). Changing the
boundary U(1)-charges of the MPS model WF as pre-
scribed in Tab. I while keeping Pµ = Pη = 0, we could
identify the root partition dominating the low energy fea-
tures in each branch in the thin torus limit. These states
are labeled by (nL, n⊥) in Fig. 4 and their overlaps with
the corresponding MPS model WF is always above 0.977.
The momentum transfer required to go from one gluing
condition to another is extensive with the number of par-
ticles. Thus for an infinite system, the different branches
clearly separate in the spectrum, while they may over-
lap (and do in many cases) for the system considered
as can be seen for the state (1, 1) in Fig. 4. Further-
more, we are able to access and identify the low energy
excitations above the different root configurations with
the MPS model ansatz. The latter arises at the edge of
the gapped FQH droplets and are of three distinct types:
Laughlin edge excitations, Halperin edge excitations and
excitations of the interface gapless mode. We now ex-
emplify each of these three cases, and show at the same
time how to characterize the states in the many-body
spectrum.
Halperin Edge Excitations: Let us fix the MPS
boundary charges to (nL, n⊥) = (2, 2), whose corre-
sponding root partition (see Tab. I) is expected to
appear for a center of mass momentum Ky = 22.5.
In this momentum sector, we find one eigenvector
of Eq. (3) with high overlap with the model WF for
Pµ = Pη = 0, which slightly detaches from the con-
tinuum. Changing the momentum of the Halperin
boundary state Pµ, the MPS model WFs acquire
a momentum Ky + Pµ. These excitations are used
to describe quasihole excitations at the edge of the
Halperin bulks [66, 69]. We compute the weight of
the ED eigenvectors close-by in the space generated
by all MPS model WFs with Pη = 0 and Pµ = 1
or Pµ = 2. As shown in Fig. 4a, they clearly be-
long to this subspace. Thus, our MPS model WFs
allowed us to characterize without ambiguity the
excitations in the branch starting at Ky = 22.5 as
Halperin gapless edge mode excitations (note the
counting 1-2-5-...).
Laughlin Edge Excitations: The same tools may be
used to probe excitations of the Laughlin gapless
edge mode. We split Pη = P
L
η + P
⊥
η , where P
⊥
η
(resp. PLη ) denotes the descendant level of the state
〈η| with respect to the ϕ⊥ (resp. ϕL) boson and
we keep P⊥η = 0 for now. Starting from the state
(nL, n⊥) = (0, 0) at Ky = 40.5, we could reproduce
the excitations at Ky − PLη as depicted in Fig. 4b.
Finite size effects limit the number of accessible de-
scendants to PLη = 3 in the ED spectrum. However,
it is clear from the computed overlaps that the con-
sidered states are edge excitations of the Laughlin
droplet. The same analysis can be repeated all over
the spectrum.
Interface Excitations: Finally, and more interestingly,
we were able to localize the excitations due to the
interface gapless mode (see Fig. 4). This time, we
keep Pµ = P
L
η = 0 and vary P
⊥
η . We really want to
highlight the difficulty to find those states from a
pure ED approach, especially considering that each
interface gapless mode excitation changes the en-
ergy by an order of magnitude. We attribute this
9FIG. 4. Identifying low-energy excitations: Energy spectrum (using a logarithmic scale) of Eq. (3) for a system of 9
particles (6 spin down, 3 spin up) on a cylinder of perimeter L = 12`B with N
H
orb = 15 orbitals and N
L
orb = 7 (green symbols),
NLorb = 8 (orange symbols) or N
L
orb = 9 (blue lines). In the first case, only one of the root configuration of Tab. I can be
produced. Increasing the number of polarized orbitals, we allow for excitations of the Laughlin edge gapless mode, that we can
track with the MPS boundary quantum number PLη (a). The low lying branches for N
L
orb = 8 or 9 are all connected to some
gluing conditions (see Tab. I). We have indicated them as (nL, n⊥)0, together with the overlap with the ED states targeted
(Main Figure). Halperin edge excitations are also present in the spectrum and, as shown in (b), we can locate them in the
spectrum thanks to the MPS ansatz by varying Pµ. Finally, we can discriminate the interface gapless mode excited states by
comparing the ED eigenvectors with our MPS model WF when P⊥η 6= 0. The corresponding states and overlaps are labeled
(nL, n⊥)P
⊥
η . We can for instance follow the two first excitations starting from (2,−4)0, and observe a very steep dispersion
relation for the interface critical mode. In general, all low lying excitations may be reproduced with our ansatz for mixed
excitation (Pµ 6= 0, PLη 6= 0, P⊥η 6= 0). All the overlaps presented were computed at truncation parameter Pmax = 12 and as a
rule of thumb we observe that the closer to the continuum the poorer the MPS ansatz performs.
large interface mode velocity to the sharpness of
the transition described by our ansatz, i.e. to the
change from µ↑ = 0 to µ↑ =∞ over an inter-orbital
distance (see Supplementary Fig. 2 for further in-
vestigations).
While we have only considered one kind of excitations
at a time, generic low energy states in the spectrum are
characterized by non-zero Pµ, P
L
η and P
⊥
η . While the ED
spectrum does not distinguish between the Laughlin and
Halperin bulk excitations and the excitations of interface
modes, the high overlap between the MPS states with
the low lying part of the ED spectra help us discriminat-
ing these different types of excitations. This makes the
proposed model states valuable tools even for finite size
studies.
DISCUSSION
We have considered the fermionic interface between the
Laughlin 1/3 and Halperin (332) states, relevant for con-
densed matter experiments. Indeed experimental real-
izations of this transition can be envisioned in graphene.
There, the valley degeneracy leads to a spin singlet state
at ν = 2/5 [30, 31] while the system at ν = 1/3 is spon-
taneously valley-polarized [31–33]. Thus, changing the
density through a top gate provides a direct implemen-
tation of our setup.
In Ref. [29], we introduced a family of model states to
describe the Laughlin-Halperin interface. Their univer-
sal properties were established using quantum entangle-
ment measures, and the emerging gapless mode at the
interface was characterized. It is described by a chiral
Luttinger liquid, i.e. a compact bosonic conformal field
theory whose elementary excitations agree with the value
R =
√
15 of the compactification radius.
The main result of this work is the thorough micro-
scopic validation of our model wavefunctions. We intro-
duced an experimentally relevant microscopic Hamilto-
nian that captures the physics of this interface, which we
then analysed using exact diagonalization simulations on
large-size systems. We found that the family of model
states we introduced in Ref. [29] performs exceedingly
well, reproducing the low-energy states of the microscopic
model with extraordinarily good overlaps. Furthermore,
these model states provide a powerful tool to identify the
nature of the low-energy states obtained through exact
diagonalization. In particular they allow to disentangle
the interface modes from the Laughlin and Halperin edge
modes, a notoriously difficult task to carry out from finite
size exact diagonalization.
Our interface model state therefore yields a bridge
between the microscopic, experimentally relevant model
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and its low-energy effective description in terms of inter-
faces between topological quantum field theories.
METHODS
Entanglement Entropy and MPS: Derivation — We
turn to the computation of the Real Space Entanglement
Spectrum (RSES) [60–62] for MPS ansatz considered.
We recall that the electronic operator modes have the
same commutation relations as the creation and annihi-
lation operators. We will use these relations extensively
to compute the RSES. For clarity, we focus primarily
on the Laughlin case, the generalization to the Halperin
case or to the Laughlin-Halperin interface only involves
additional indices without involving any new technical
step. For clarity, we will remove the spin index from the
discussion whenever they are not needed. It is also use-
ful to work with the site-dependent representation of the
Laughlin 1/m state [50]:
|ΦαLαR〉 =∑
{n↓k}
〈αL|OLbkg
Nφ∏
k=0
1
n↓k!
(
W↓−k
)n↓k ⊗ (c†k)n↓k
 (|αR〉 ⊗ |Ω〉) ,
(17)
where c†k creates a particle on orbital k (see Eq. (4)).
The afore-mentioned site independent MPS representa-
tion Eq. (13a) comes from spreading of the background
charge [46] and requires a shift of the MPS-boundary
state U(1) charges [50], which we will keep implicit here.
a. Real Space Bipartition — Under a a generic real
space bipartition A − B, the LLL orbitals Eq. (4) are
decomposed as c†k = d
†
k,A + d
†
k,B with
d†k,I =
∫
r∈I
d2rψk(r)c
†
k(r) , I ∈ {A,B} . (18)
The sets {dk,A} and {dk,B} span two disjoint Hilbert
spaces of respective vacua |ΩA〉 and |ΩB〉 but are in gen-
eral not orthonormal:{
dk,I , d
†
`,I′
}
= δI,I′
∫
r∈I
d2rψ∗k(r)ψ`(r) (19)
where {., .} denotes the anticommutator. For a cut pre-
serving the rotation symmetry along the cylinder perime-
ter A = {(x′, y′)|x′ < x, 0 ≤ y′ ≤ L}, the overlaps in the
right hand side of Eq. (19) are diagonal and take the form
gk,A =
∫
r∈A
d2rψ∗k(r)ψk(r)
=
√
1
pi`B
∫
x′<x
dx′ exp
(
− (x
′ − xk)2
`2B
) (20)
These overlaps can still be computed analytically for
some bipartitions breaking the rotation symmetry. In
that case, {dk,A} can be decomposed over an orthonor-
mal basis {c˜µ,A} as
d†k,A =
Nφ∑
µ=0
αk,µ c˜
†
µ,A (21)
where the coefficient {αk,µ} are obtained either analyt-
ically or numerically from the known overlaps between
LLL orbitals over the region A.
b. Split and Swap Procedure — Using the decom-
position c†k,↓ = d
†
k,A + d
†
k,B together with the commuta-
tion relations of Eq. (19), and introducing a closure re-
lation
∑
β∈HCFT |β〉〈β|, with HCFT the auxiliary space,
i.e. the CFT Hilbert space, the Schmidt decomposition
of Eq. (17) |ΦαLαR〉 =
∑
β∈HCFT |φBβ 〉 ⊗ |φAβ 〉 onto the par-
tition A− B is found to be:
|φBβ 〉 =
∑
{n↓k}
〈αL|OLbkg
Nφ∏
k=0
1
n↓k!
(
W↓−k
)n↓k ⊗ (c†k)n↓k
 (|αR〉 ⊗ |Ω〉) ,
|φBβ 〉 =
∑
{n↓k}
〈αL|OLbkg
Nφ∏
k=0
1
n↓k!
(
W↓−k
)n↓k ⊗ (c†k)n↓k
 (|αR〉 ⊗ |Ω〉) ,
(22)
where we have set 〈α˜L| = 〈αL|OLbkg. This step is described in great details for the rotationally symmetric case in
Ref. [34, 46]. From now on, we focus on subspace A, the derivation being exactly the same for the subspace B. The
occupation numbers {nAk } are equivalently described by ordered lists of occupied orbitals λ = (λ1, · · · , λNe), with Ne
the number of electrons in the system: Nφ ≥ λ1 > · · · > λNe ≥ 0. Because of the commutation relation of the vertex
operator modes, we may also write
|φAβ 〉 =
∑
λ1,··· ,λNe
〈β|
Ne∏
j=1
W↓−λj ⊗ d
†
λj ,A
 (|αR〉 ⊗ |ΩA〉) , (23)
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where the sum runs over unordered lists of integers {λ}. Plugging the orthonormal basis with Eq. (21) and reordering
the various terms, we find
|φAβ 〉 =
∑
µ1,··· ,µNe
〈β|
Nφ∏
j=0
 Nφ∑
λ=0
αλ,µjW↓−λ
⊗ c˜†µj ,A
 (|αR〉 ⊗ |0A〉) . (24)
A similar reasoning helps us to finally expressing the state |φAβ 〉 in the occupation basis n˜Ak relative to the new physical
space spanned by the orthonormal basis {c˜k,A}. We find the MPS expression
|φAβ 〉 =
∑
{n˜Ak }
〈β|Kn˜
A
Nφ
A [Nφ] · · ·Kn˜
A
0
A [0]|αR〉 |n˜ANφ · · · n˜A0 〉 , Kn˜A[j] =
1√
n˜!
 Nφ∑
λ=0
αλ,jW↓−λ
n˜ . (25)
Here, we have used the commutation relations of the vertex operator modes to swap the matrices in order to derive
Eq. (25), a site dependent representation of |φAβ 〉 onto the orthonormal basis {c˜k,A}.
c. Spreading the Background Charge — The last step of the derivation consists in spreading the background
charge in order to find back the iMPS matrices Eq. (13a) far away from the cut. The Laughlin background charge
OLbkg can only be spread over Norb orbitals, but the bipartition has introduced twice more matrices (Norb in both
parts A and B). Although any allocation of the background charge over these matrices is acceptable, we append UL
to the first (resp. last) Norb/2 matrices of A (resp. B). The product of matrices appearing in Eq. (25) can be split
into two parts(
F
(n˜ANφ )
A [Nφ, Norb/2] · · ·F
(n˜ANorb/2)
A [Norb/2, 1]
)(
F
(n˜ANorb/2−1)
A [Norb/2− 1, 0]UL · · ·F (n˜
A
0 )
A [0, 0]UL
)
(26)
where we have defined
F n˜A[j, q] =
1√
n˜!
 Nφ∑
λ=0
αλ,jW↓−(λ−j)+q
n˜ . (27)
For a partition preserving the rotation symmetry around
the cylinder axis, we have αk,r = δk,rgk,A (see Eq. (20))
and we thus recover the tensor of Refs. [34, 46, 50]. For
the rectangular patch described in the main text, the
off diagonal weights αk,r decay rapidly for orbitals far
from the cut (typically like Gaussian factors multiplied
by cardinal sine functions) so that we can approximate
αk,r ' δk,rgk,A. In other words, the rotational symme-
try is recovered after a large enough number of orbitals.
Moreover, far away from the cut in the iMPS part of the
product, gk,A = 1 and we get back the site independent
matrices F
(n˜)
A [k, 0]UL = B
(n˜)
L . Similarly when gk,A = 0,
i.e. far away from the cut in the site-dependent part of
the product, the matrices reduces to F n˜A[j, q] ' δn˜,01l,
with 1l being the identity operator over the auxiliary
space. This shows that the translation invariance along
the cylinder axis is recovered far away from the tran-
sition. We can thus work on the infinite cylinder and
take Norb → +∞, by switching to the site indepen-
dent matrices far away from the cut. Numerically, we
have considered up to 50 orbitals in the site-dependent
region to ensure that when the iMPS is glued to take
the limit Norb → +∞, we always satisfy the condition
|αk,r − δk,r| < 10−10.
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comparisons have been generated using the software ”Di-
agHam” (under the GPL license).
ACKNOWLEDGEMENT
We thank E. Fradkin, J. Dubail, A. Stern and M.O.
Goerbig for enlightening discussions. We are also grate-
ful to B.A. Bernevig and P. Lecheminant for useful com-
ments and collaboration on previous works. VC, BE and
NR were supported by the grant ANR TNSTRONG No.
ANR-16-CE30-0025 and ANR TopO No. ANR-17-CE30-
0013-01.
AUTHOR CONTRIBUTIONS
VC, NC and NR developed the numerical code. VC,
NC and NR performed the numerical calculations. VC,
NC, NR and BE contributed to the analysis of the nu-
merical data and to the writing of the manuscript.
12
COMPETING INTERESTS
The authors declare no competing interests.
[1] A. Chandran, M. Hermanns, N. Regnault, and B. A.
Bernevig, “Bulk-edge correspondence in entanglement
spectra,” Phys. Rev. B 84, 205136 (2011).
[2] J. Cano, M. Cheng, M. Mulligan, C. Nayak, E. Pla-
madeala, and J. Yard, “Bulk-edge correspondence in (2
+ 1)-dimensional abelian topological phases,” Phys. Rev.
B 89, 115116 (2014).
[3] A. Chandran, V. Khemani, and S. L. Sondhi, “How uni-
versal is the entanglement spectrum?” Phys. Rev. Lett.
113, 060501 (2014).
[4] G. Moore and N. Read, “Nonabelions in the fractional
quantum hall effect,” Nucl. Phys. B 360, 362 – 396
(1991).
[5] J. Dubail, N. Read, and E. H. Rezayi, “Edge-state inner
products and real-space entanglement spectrum of trial
quantum hall states,” Phys. Rev. B 86, 245310 (2012).
[6] E. Grosfeld and K. Schoutens, “Non-abelian anyons:
When ising meets fibonacci,” Phys. Rev. Lett. 103,
076803 (2009).
[7] F. A. Bais and J. C. Romers, “The modular s -matrix as
order parameter for topological phase transitions,” New
J. Phys. 14, 035024 (2012).
[8] F. J. Burnell, S. H. Simon, and J. K. Slingerland, “Phase
transitions in topological lattice models via topological
symmetry breaking,” New J. Phys. 14, 015004 (2012).
[9] F. A. Bais, J. K. Slingerland, and S. M. Haaker, “Theory
of topological edges and domain walls,” Phys. Rev. Lett.
102, 220403 (2009).
[10] M. Barkeshli, C. M. Jian, and X. L. Qi, “Classification of
topological defects in abelian topological states,” Phys.
Rev. B 88, 241103 (2013).
[11] A. Kapustin and N. Saulina, “Topological boundary con-
ditions in abelian chern–simons theory,” Nucl. Phys. B
845, 393 – 435 (2011).
[12] X. L. Qi, H. Katsura, and A. W. W. Ludwig, “Gen-
eral relationship between the entanglement spectrum and
the edge state spectrum of topological quantum states,”
Phys. Rev. Lett. 108, 196402 (2012).
[13] M. D. Schulz, S. Dusuel, K. P. Schmidt, and J. Vidal,
“Topological phase transitions in the golden string-net
model,” Phys. Rev. Lett. 110, 147203 (2013).
[14] Y. Hu and C. L. Kane, “Fibonacci topological supercon-
ductor,” Phys. Rev. Lett. 120, 066801 (2018).
[15] M. Levin, “Protected edge modes without symmetry,”
Phys. Rev. X 3, 021009 (2013).
[16] L. H. Santos, J. Cano, M. Mulligan, and T. L. Hughes,
“Symmetry-protected topological interfaces and entan-
glement sequences,” Phys. Rev. B 98, 075131 (2018).
[17] J. May-Mann and T. L. Hughes, “Families of Gapped
Interfaces Between Fractional Quantum Hall States,”
Preprint at arXiv:1810.03673.
[18] A. Kapustin and Natalia S., “Topological boundary con-
ditions in abelian chern–simons theory,” Nucl. Phys. B
845, 393 – 435 (2011).
[19] A. Kitaev and L. Kong, “Models for gapped boundaries
and domain walls,” Comm. Math. Phys. 313, 351–373
(2012).
[20] J. Fuchs, C. Schweigert, and A. Valentino, “Bicategories
for boundary conditions and for surface defects in 3-d
tft,” Comm. Math. Phys. 321, 543–575 (2013).
[21] K. V. Klitzing, G. Dorda, and M. Pepper, “New method
for high-accuracy determination of the fine-structure con-
stant based on quantized hall resistance,” Phys. Rev.
Lett. 45, 494–497 (1980).
[22] T. H. Hansson, M. Hermanns, S. H. Simon, and S. F.
Viefers, “Quantum hall physics: Hierarchies and confor-
mal field theory techniques,” Rev. Mod. Phys. 89, 025005
(2017).
[23] L. Saminadayar, D. C. Glattli, Y. Jin, and B. Etienne,
“Observation of the e/3 fractionally charged laughlin
quasiparticle,” Phys. Rev. Lett. 79, 2526–2529 (1997).
[24] V. J. Goldman and B. Su, “Resonant tunneling in the
quantum hall regime: Measurement of fractional charge,”
Science 267, 1010–1012 (1995).
[25] R. B. Laughlin, “Anomalous quantum hall effect: An
incompressible quantum fluid with fractionally charged
excitations,” Phys. Rev. Lett. 50, 1395–1398 (1983).
[26] F. D. M. Haldane, “Fractional quantization of the hall
effect: A hierarchy of incompressible quantum fluid
states,” Phys. Rev. Lett. 51, 605–608 (1983).
[27] S. A. Trugman and S. Kivelson, “Exact results for the
fractional quantum hall effect with general interactions,”
Phys. Rev. B 31, 5280–5284 (1985).
[28] C. L. Kane, R. Mukhopadhyay, and T. C. Lubensky,
“Fractional quantum hall effect in an array of quantum
wires,” Phys. Rev. Lett. 88, 036401 (2002).
[29] V. Cre´pel, N. Claussen, B. Estienne, and N. Regnault,
“Model states for a class of chiral topological order inter-
faces,” Nat. Commun. 10, 1861 (2019).
[30] A. C. Balram, C. To˝ke, A. Wo´js, and J. K. Jain, “Frac-
tional quantum hall effect in graphene: Quantitative
comparison between theory and experiment,” Phys. Rev.
B 92, 075410 (2015).
[31] F. Amet, A. J. Bestwick, J. R. Williams, L. Bali-
cas, K. Watanabe, T. Taniguchi, and D. Goldhaber-
Gordon, “Composite fermions and broken symmetries in
graphene,” Nat. Comm. 6, 5838 (2015).
[32] B. E. Feldman, A. J. Levin, B. Krauss, D. A. Abanin,
B. I. Halperin, J. H. Smet, and A. Yacoby, “Fractional
quantum hall phase transitions and four-flux states in
graphene,” Phys. Rev. Lett. 111, 076802 (2013).
[33] Z. Papic´, M. O. Goerbig, and N. Regnault, “Atypical
fractional quantum hall effect in graphene at filling factor
1/3,” Phys. Rev. Lett. 105, 176802 (2010).
[34] V. Cre´pel, B. Estienne, B. A. Bernevig, P. Lecheminant,
and N. Regnault, “Matrix product state description of
halperin states,” Phys. Rev. B 97, 165136 (2018).
[35] A. Pinczuk S. Das Sarma, Perspectives in Quantum Hall
Effects: Novel Quantum Liquids in Low-Dimensional
Semiconductor Structures (WILEY-VCH Verlag, 2007).
[36] Z. Papic, Fractional quantum Hall effect in multicompo-
nent systems, Theses, Universite´ Paris Sud - Paris XI
13
(2010).
[37] R. de Gail, N. Regnault, and M. O. Goerbig, “Plasma
picture of the fractional quantum hall effect with internal
su(k) symmetries,” Phys. Rev. B 77, 165310 (2008).
[38] E. H. Rezayi and F. D. M. Haldane, “Laughlin state on
stretched and squeezed cylinders and edge excitations in
the quantum hall effect,” Phys. Rev. B 50, 17199–17207
(1994).
[39] B. Halperin, Helv. Acta Phys. 56, 75 (1983).
[40] B. I. Halperin, “Statistics of quasiparticles and the hi-
erarchy of fractional quantized hall states,” Phys. Rev.
Lett. 52, 1583–1586 (1984).
[41] Z. Papic´, M.O. Goerbig, and N. Regnault, “Theoret-
ical expectations for a fractional quantum hall effect
in graphene,” Solid State Commun. 149, 1056 – 1060
(2009), recent Progress in Graphene Studies.
[42] B. A. Bernevig and F. D. M. , Haldane, “Generalized
clustering conditions of jack polynomials at negative jack
parameter α,” Phys. Rev. B 77, 184502 (2008).
[43] S. H. Simon, E. H. Rezayi, and Nigel R. Cooper, “Pseu-
dopotentials for multiparticle interactions in the quan-
tum hall regime,” Phys. Rev. B 75, 195306 (2007).
[44] C. H. Lee, Z. Papic´, and R. Thomale, “Geometric con-
struction of quantum hall clustering hamiltonians,” Phys.
Rev. X 5, 041003 (2015).
[45] R. Oru´s, “A practical introduction to tensor networks:
Matrix product states and projected entangled pair
states,” Ann. Phys. 349, 117 – 158 (2014).
[46] M. Zaletel and R. Mong, “Exact matrix product states for
quantum hall wave functions,” Phys. Rev. B 86, 245305
(2012).
[47] B. Estienne, Z. Papic´, N. Regnault, and B. A. Bernevig,
“Matrix product states for trial quantum hall states,”
Phys. Rev. B 87, 161112 (2013).
[48] M. Zaletel, R. Mong, and F. Pollmann, “Topological
characterization of fractional quantum hall ground states
from microscopic hamiltonians,” Phys. Rev. Lett. 110,
236801 (2013).
[49] M. Zaletel, R. Mong, F. Pollmann, and E. Rezayi, “Infi-
nite density matrix renormalization group for multicom-
ponent quantum hall systems,” Phys. Rev. B 91, 045115
(2015).
[50] B. Estienne, N. Regnault, and B. A. Bernevig,
“Fractional Quantum Hall Matrix Product States For
Interacting Conformal Field Theories,” Preprint at
arXiv:1311.2936 [cond-mat.str-el].
[51] B. Estienne, N. Regnault, and B. A. Bernevig, “Cor-
relation lengths and topological entanglement entropies
of unitary and nonunitary fractional quantum hall wave
functions,” Phys. Rev. Lett. 114, 186801 (2015).
[52] Y. L. Wu, B. Estienne, N. Regnault, and B. A.
Bernevig, “Matrix product state representation of non-
abelian quasiholes,” Phys. Rev. B 92, 045109 (2015).
[53] Y. L. Wu, B. Estienne, N. Regnault, and B. A. Bernevig,
“Braiding non-abelian quasiholes in fractional quantum
hall states,” Phys. Rev. Lett. 113, 116801 (2014).
[54] X. G. Wen and A. Zee, “Classification of abelian quantum
hall states and matrix formulation of topological fluids,”
Phys. Rev. B 46, 2290–2301 (1992).
[55] P. Di Francesco, P. Mathieu, and D. Se´ne´chal, Conformal
Field Theory (Springer-Verlag New York, 1997).
[56] J. Voit, “Charge-spin separation and the spectral prop-
erties of luttinger liquids,” J. Phys. Condens. Matter 5,
8305 (1993).
[57] T. Giamarchi, Quantum Physics in One Dimension, In-
ternational Series of Monogr (Clarendon Press, 2004).
[58] N. Laflorencie, “Quantum entanglement in condensed
matter systems,” Phys. Rep. 646, 1 – 59 (2016).
[59] L. Amico, R. Fazio, A. Osterloh, and V. Vedral, “En-
tanglement in many-body systems,” Rev. Mod. Phys. 80,
517–576 (2008).
[60] J. Dubail, N. Read, and E. H. Rezayi, “Real-space en-
tanglement spectrum of quantum hall systems,” Phys.
Rev. B 85, 115321 (2012).
[61] A. Sterdyniak, A. Chandran, N. Regnault, B. A.
Bernevig, and P. Bonderson, “Real-space entanglement
spectrum of quantum hall states,” Phys. Rev. B 85,
125308 (2012).
[62] I. D. Rodr´ıguez, S. H. Simon, and J. K. Slingerland,
“Evaluation of ranks of real space and particle entangle-
ment spectra for large systems,” Phys. Rev. Lett. 108,
256806 (2012).
[63] A. Kitaev and J. Preskill, “Topological entanglement en-
tropy,” Phys. Rev. Lett. 96, 110404 (2006).
[64] M. Levin and X. G. Wen, “Detecting topological order
in a ground state wave function,” Phys. Rev. Lett. 96,
110405 (2006).
[65] Pasquale C. and John C., “Entanglement entropy and
quantum field theory,” J. Stat. Mech. Theory Exp. 2004,
P06002 (2004).
[66] B. Estienne and B. A. Bernevig, “Spin-singlet quantum
hall states and jack polynomials with a prescribed sym-
metry,” Nucl. Phys. B 857, 185 – 206 (2012).
[67] E. J. Bergholtz and A. Karlhede, “Half-filled lowest lan-
dau level on a thin torus,” Phys. Rev. Lett. 94, 026802
(2005).
[68] E. J. Bergholtz and A. Karlhede, “’one-dimensional’ the-
ory of the quantum hall system,” J. Stat. Mech. Theory
Exp. 2006, L04001 (2006).
[69] B. A. Bernevig and F. D. M. Haldane, “Model fractional
quantum hall states and jack polynomials,” Phys. Rev.
Lett. 100, 246802 (2008).
[70] G. Crosswhite, A. C. Doherty, and G. Vidal, “Applying
matrix product operators to model systems with long-
range interactions,” Phys. Rev. B 78, 035116 (2008).
[71] B. Pirvu, V. Murg, J. I. Cirac, and F. Verstraete, “Ma-
trix product operator representations,” New J. Phys. 12,
025012 (2010).
[72] R. Fern and S. H. Simon, “Quantum hall edges with
hard confinement: Exact solution beyond luttinger liq-
uid,” Phys. Rev. B 95, 201108 (2017).
1Supplementary Tab. I. Right and left MPS boundary charges (nL, n⊥) to recover the glued Laughlin 1/2 and Halperin 221
root partitions. ∅, ↓ and ↑ respectively denote an empty orbitals or an occupied orbital with a spin down or up. Using the first
and the second columns, the total root configuration should be understood as ...∅ ↓ ∅ ↓ −∅ ↑↓ ∅ ↑↓... for [∅ ↓] and [∅ ↑↓] (e.g.
the case shown in the first row). Note that defining the root configuration by, e.g., [∅ ↑↓] instead of [∅ ↓↑] is arbitrary due to the
SU(2) singlet nature of the Halperin 221 state.
Root Partition Laughlin Root Partition Halperin (nL, n⊥)
[∅ ↓] [∅ ↑↓] (0, 0)
[∅ ↓] [↑ ∅ ↓] (0, 2)
[∅ ↓] [↑↓ ∅] (0, 4)
[↓ ∅] [∅ ↑↓] (1,−3)
[↓ ∅] [↑ ∅ ↓] (1,−1)
[↓ ∅] [↑↓ ∅] (1, 1)
Supplementary Tab. II. Overlap between the MPS variational ansatz for the (nL, n⊥) = (0, 0) and Pµ = Pη = 0 boundary
conditions and the corresponding ED ground state for different system sizes characterized by the particle numbers (2NH, NL).
The number of orbitals are fixed to NLorb = 2NL−1 and NHorb = 3NH. Due to the dimension of the many-body Hilbert considered
(222 415 944 for the largest systems), the overlaps are computed over a significant fraction of the vectors weights. The norms of
the truncated ED |ψEDtrunc〉 and MPS |ψMPStrunc〉 vectors, which can be evaluated rigorously, give an estimate for the possible error.
(2NH, NL) || |ψEDtrunc〉 || || |ψMPStrunc〉 || Overlap |〈ψEDtrunc|ψMPStrunc〉|
(6,3) 1.00000 1.00000 0.99961
(6,4) 1.00000 1.00000 0.99894
(8,5) 0.99997 0.99997 0.99891
Supplementary Information: Microscopic Study of the Halperin - Laughlin Interface
through Matrix Product States
SUPPLEMENTARY NOTE I. COMPARISON WITH EXACT DIAGONALIZATION - BOSONIC CASE
We have also put the bosonic model (m = 2) discussed in Ref. [29] under scrutiny of finite size ED. The results
that we have obtained underline the microscopic validity of the model state and its applicability to both fermions and
bosons. For the bosonic case, we rely on the following interacting Hamiltonian
H =
∫
d2r
∑
σ,σ′∈{↑,↓}
: ρσ(r)ρσ′(r) + µ↑ρ↑(r) , (S1)
which once projected to the LLL admits the Laughlin 1/2 (resp. Halperin 221) state as its densest zero energy state
when µ↑ → ∞ (resp. µ↑ = 0). The electronic operators W↑ and W↓ generate the charge lattice n⊥+(m−1)nLm ∈ Z
from a unit cell composed of 3 inequivalent sites [34]. Physically, they correspond to the ground state degeneracy of
the Halperin 221 state on the torus (or infinite cylinder) which is known to be |detK| = 3[54]. Hence, the choice of
n⊥ modulo three determines the topological sector of the Halperin bulk far from the transition. An identical analysis
involving the spin down electronic operator W↓ alone shows that the Laughlin topological sector is selected by the
parity of nL far from the transition on the polarized phase. The discussion about the gluing of root partition may
be reproduced and the possible choices are summarized in Supplementary Tab. I. As in the main text, the choice of
the U(1)-charges selects a root configuration of Supplementary Tab. I, which fixes the reference for the total angular
momentum of the system Ky in finite size. Low energy excitations are obtained by dialing the ϕ
L and ϕ⊥ descendants.
Using the same ED procedure as in the main text for the Hamiltonian of Supplementary Eq. (S1), we have localized
the states which persist in the thin cylinder limit L `B . We observe that, when NLorb = 2NL − 1 and NHorb = 3NH,
the ED ground state has a total momentum equal to the one selected by the (nL, n⊥) = (0, 0) boundary charges
(see Supplementary Tab. I and the NLorb = 5 case in Supplementary Fig. 1). Our MPS ansatz with these boundary
conditions shows extremely high overlap with the corresponding ED ground states (see Supplementary Tab. II).
While the ED spectrum does not distinguish between the Laughlin and Halperin bulk excitations and the excitations
of interface modes, the high overlap between the MPS states with the low lying part of the ED spectra help us
discriminating these different types of excitations. To illustrate this, we will first look at the role of the level descendant
2Supplementary Fig. 1. Test of the bosonic ansatz: Energy spectrum (using a logarithmic scale) of Supplementary Eq. (S1)
for a system of 6 particles (6 spin down, 3 spin up) on a cylinder of perimeter L = 9`B with N
H
orb = 9 orbitals and N
L
orb = 5
(orange) or NLorb = 6 (blue). In the former case, only one of the root configuration of Supplementary Tab. I can be produced
and we can follow interface excitations exactly (P−L = 0 in square bracket symbols – see text). When N
L
orb = 6, excitations
of the Laughlin bulk may arise and other root configurations are also possible and are shown with round bracket symbols,
together with the overlap with the ED states targeted. We have also indicated in square bracket some excitations for an MPS
with boundary charges (0, 0) which reproduce faithfully some of the ED states at low energy. The other low lying states may
be reproduced with the same kind of excitations onto MPS with boundary charges (1,−1), (1, 1), (0, 2) and (0, 4). In the later
two cases, we should also consider excitations on the Halperin side, i.e. PR 6= 0. Overall, we were able to faithfully capture all
the low energy (E < 0.65) features of the spectrum with overlaps ranging from 0.921 to 1.000.
PR and PL when the boundary U(1)-charges are fixed to (nL, n⊥) = (0, 0) and then consider the other gluing conditions
of Supplementary Tab. I. As in the main text, we consider a system of (2NH, NL) = (6, 3) particles in N
L
orb = 2NL− 1
and NHorb = 3NH orbitals (orange spectrum in Supplementary Fig. 1). As stated earlier, the choice in boundary
charges (nL, n⊥) = (0, 0) fixes the reference of momentum by selecting a specific root configuration and the ground
state corresponds to the case Pµ − Pη = 0. More generally, the MPS model WF has total momentum Pµ − Pη
with respect to the one of the chosen root configuration. We furthermore fix Pµ = 0 and label as [P
L
η , P
⊥
η ] (using
square brackets) the subspaces generated by the corresponding WFs. The lowest energy states detaching from the
continuum are found to be well captured by the MPS states with boundary condition P⊥η (see the overlaps [0, P
⊥
η ]
in Supplementary Fig. 1). Contrary to bulk excitations, their energies barely change when orbitals are added to the
side of the system and they are found to be localized at the interface.
Adding an extra orbital on the Laughlin side allows to probe low energy excitations at the edge of the Laughlin bulk.
They are characterized by their level descendant PLη and capture extremely well the lowest energy states appearing
for NLorb = 6 (see the overlaps [P
L
η , 0] in Supplementary Fig. 1). Moreover, the root partition dominating the low
energy feature of the spectrum might change, as in finite size such change only requires a finite momentum transfer.
Changing the charge sector as prescribed in Supplementary Tab. I, we could discriminate between the different gluing
of root partitions. The remaining low lying states may be reproduced with the same kind of excitations [PLη , P
⊥
η ]
onto MPS with boundary charges (1,−1)− (1, 1)− (0, 2) and (0, 4). In the later two cases, one should also consider
excitations on the Halperin side, i.e. Pµ 6= 0. Overall, we were able to faithfully capture all the low energy (E < 0.65)
features of the spectrum with overlaps ranging from 0.921 to 1.000 (as a rule of thumb, the closer to the continuum
the poorer the MPS ansatz performs).
SUPPLEMENTARY NOTE II. BEYOND FINITE SIZE: DISPERSION RELATION OF THE CRITICAL
MODE
Following Refs. [48, 49], we expressed the Hamiltonian of Supplementary Eq. (S1) as a Matrix Product Operator
(MPO) in order to overcome finite-size effects of ED. For such long range Hamiltonians [26, 27], exact MPO represen-
tations involve an infinite bond dimension χMPO and practical implementations require to approximate the MPO’s
action on an MPS. An efficient and memory effective way to do so, which dramatically decreases χMPO compared
to other methods [49], is to model the Hamiltonian by a sum of exponentials [70, 71] which possess each a rank 3
3Supplementary Fig. 2. Dispersion relation beyond finite size: Energy of the MPS ansatz when momentum excitations
of the critical interface mode are controlled via the MPS boundary level descendant Pedge on the Laughlin side. The system
consists of 60 orbitals (30 on he Laughlin side, 30 on the Halperin side) at perimeter L = 12`B . The use of MPO allows to
combine a fine control over the excitation provided by our MPS ansatz, and to reach system sizes unreachable with ED.
MPO representation. Keeping up to 8 exponential terms, we obtained an MPO of bond dimension χMPO = 936 which
faithfully describe the Hamiltonian of Supplementary Eq. (S1) for the perimeters considered. A major advantage of
our approach is the ability to focus solely on the edge mode at the interface. Indeed, ED would show the combination
of all possible excitations as discussed previously, scrambling the dispersion relation of the gapless interface mode.
In Supplementary Fig. 2, we show the dispersion relation of the critical interface mode computed for a system of 60
orbitals (we have checked the convergence with the number of orbitals). It exhibits the counting statistics of a massless
boson and a linear upper branch, as expected by the theoretical predictions and our results. The mode velocity is
extremely high with a large spread per momentum sector. This explains why the excitations Pedge > 2 reach the
continuum. We attribute these energetic behaviors to the sharpness of the transition described by our ansatz, i.e. to
the change from µ↑ = 0 to µ↑ = ∞ over an inter-orbital distance. Because of the strong and sharp confinement of
spin up in the Halperin region, large corrections to this linear behavior are expected due to scattering between the
excited modes (see discussion in Ref. [72] for a similar situation). We believe that a smooth transition would provide
a more realistic spectrum and decent velocity. A corresponding ansatz could be derived by using a similar approach
to the RSES, namely a weighted combination of the two types of matrices.
